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ABSTRACT. We use the dyadic trace to define the concept of slope for integral lattices. We
present an introduction to the theory of the slope invariant. The main theorem states that
a Siegel modular cusp form f of slope strictly less than the slope of an integral lattice with
Gram matrix s satisfies f(s7) = 0 for all 7 in the upper half plane. We compute the dyadic
trace and the slope of each root lattice and we give applications to Siegel modular cusp forms.

§0. Introduction.

For a Siegel modular cusp form f € S¥ with f(Q) = >, are (tr (QT)) as its Fourier
expansion define p(f) = min{m(T) : ar # 0} where m(T') = ming,ezn\ {0y z'T'z is Hermite’s
function. The integer p is a measure of the order of vanishing of f on the boundary of
moduli space and the ratio k/p is called the slope of f. Cusp forms of small slope necessarily
vanish on certain geometric loci of A,,, the moduli space of principally polarized abelian
varieties. For example all cusp forms of slope less than 8 + % vanish on the hyperelliptic
locus inside A,,. This follows from the work of Igusa [7] and may also be found in the
work of Harris and Morrison [6]. Here one also finds a result on the trigonal locus and an
elegant conjecture for the Jacobian locus. Cusp forms of slope less than

72(2n + 3)(3%"T2 — n)
(2n + 3)(32n+4 4+ 2. 32n+2 — 27) — (32715 — 27)
vanish on the trigonal locus. As n increases this formula monotonically decreases to 72/11.
The conjecture of Harris and Morrison would imply that cusp forms of slope less than
6 + nl—fl vanish on the Jacobian locus and their conjecture has been verified for n < 6.

These interesting results compute “critical slopes” for natural geometric loci inside of
A,. In this paper we compute critical slopes for an extensive family of modular curves
embedded in A,,. In the process we exhibit homomorphisms that can profitably be used
to study all Siegel modular cusp forms, see [15]. Let A be an integral lattice of rank n and
let s be any Gram matrix for A. Let ¢ be the unique positive integer with £s~! integral
and primitive; ¢ is the exponent of the abelian group A*/A. The map ¢ : H1 — H,, given
by 7 +— s7 descends to a map ¢, : Xo(¢) — A, that does not depend upon the choice of
Gram matrix s. Our main result is the following: if a cusp form f € S* has slope less than
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then f vanishes on the modular curve ¢ (Xo(¢)). We explain the notation: The Riemann
surface Xo(¢) is constructed as Xo(¢) = I'g(¢)\H1. Let P,(R) be the cone of n x n
symmetric positive definite real matrices. The dyadic trace [14] w : P,(R) — R is a
class function defined by w(s) = infycp, ) tr(sY)/m(Y) and so is dual to m in the sense
of convexity theory [16]. The dyadic trace of a lattice A is given by w (A) = w (Gram(A))
for any choice of Gram matrix associated to A. Note that for a > 0 we have w(aA) =
w(a? Gram(A)) = a?w(A). We refer to the rational number in 0.1 as the slope of A or
of Gram(A) and we compute the slopes of the lattices A}, D,,, F; and their duals. For
example, we have slope(D,,) = 8 and so any Siegel modular cusp form of slope less than
8 must vanish on Gram(D,,)7 for all 7 € H;. As a consequence of this we show that for
n > 5 the principally polarized abelian variety defined by C"/(Gram(D,,)7Z"™ + Z™) has a
singular theta locus. Other examples and comments may be found in the Conclusion.

61. Notation.

Let M, xn(F) denote m x n matrices with coefficients in F for F = C, R, Q or Z. Let
MIP(E) = {M € Myn(F) : M = M}, Let M = (5 D
Sp,(F) = {M € Mayxon(F) : M'JM = J} where A, B, C, D € M,x,(F) and J =
(_OI Iél . Elements in Sp,,(Q) are called rational; elements in Sp,, (R) NRT Ma,, 2, (Q)
are called projective rational. Let I';, = Sp,,(Z) and for positive integers ¢ let I',, o(¢) =
{MeT,:C=0 mod ¢I,}. Let A,(F) ={M € Sp,,(F) : C =0} and let A,, = A, (Z).
For n = 1 we write I'g(¢) = I'1 o(¢). For o € I'1, widthy(o) is the number of cosets of
[o(£)\I'y contained in the double coset T'o(£)ocA; and we have widthy (o) = £/(¢,c?). We
set y(¢) = [I'1 : T'p(¢)] and note that v(¢) = £]](1 + —) where the product is over the
primes p dividing ¢. For U € GL,(F) let U* denote the transpose inverse and define a

homomorphism u : GL, (R) — Sp,,(R) by u(U) = (g (?* ) Similarly let ¢ : M”77 (R) —

be a typical element of

Sp,,(R) be defined by ¢(T") = (Ig ]T . For any s € P,(R) there is a homomorphism
. a b al,, bs

as : Spy(R) — Sp,,(R) given by: for o = (c d) € Sp; (R) define a4(o) = (cs‘l dl, )

Let H, = {Q e M7 (C) : IQ € P,(R)} be the Siegel upper half space. Let M € Sp,,(R)

act on Q € H,, by linear fractional transformations: M(Q) = (AQ + B)(CQ + D)~!

have ¢5 0 0 = as(0) o ¢ as maps from Hy to H,, see [5, p. 301]. We set A, =T',,\ H.
Fix n,k € Z, n > 1,k > 0. For a function f : H, — C and M € Sp,,(R) define

f|M H, — C by (f|M)( ) = det(CQ + D)"*f(M(2)). We then have a right action

of the group Sp,,(R) on functions from H,, to C. For any s € P,(R), ¢ € Sp;(R) and
function f : H,, — C the following equation is demonstrated in [5, pp. 300-301]

(1) @:0) | 0= (flouto) )
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Let I' C T',, be a subgroup of finite index. The C-vector space MF(T") of Siegel modular
forms of degree n and weight k for I' is the set of holomorphic f : ‘H,, — C such that
for all M € I'" we have f|M = f and for all projective rational M € Sp,,(R) we have
fIM bounded on domains of type {Q € H, : IQ > Yy}. The C-vector space SX(I') of
Siegel modular cusp forms consists of the elememts of MF*(T") which satisfy ®q(f|M) =0
for all projective rational M, where ®y is the standard Siegel operator, see [5, p.45].
For F C R let PS™(F) = {T € M (F) : T > 0}. For z € C let e(z) = e*™=.
For A, B € M”72 (F) let (A, B) = tr(AB). Any f € MF(T) has a Fourier expansion
f(Q) = ZTGPE;"“(Q) are ((T,2)). Let supp(f) ={T € P;™(Q) : ar # 0}. We know that
2¢supp(f) are all even forms in P53 (Z) when we have ¢t (¢M;%,(Z)) C I'. The function
f is a cusp form precisely when supp(f) C P, (Q).

By a lattice A we mean a free Z-module contained inside a Euclidean inner product
space. If A has a Z-basis of n elements we write rank(A) = n. Write Ar = A®zF; then Ag
is a Q-vector space and rank(A) = dimg(Ag). In this paper we always choose the Euclidean
space containing a rank n lattice to be the column vectors in R™ with the standard dot
product. If M € GL,(R) is a basis of column vectors for A then we have A = MZ" and
s = M'M is called a Gram matrix for A. A Gram matrix s is not unique but the GL,,(Z)
equivalence class [s] is. The following are class properties of s and so apply to the lattice
A as well: s is integral (rational) if its coefficients are in Z (Q), an integral s is primitive
if the ged of its coefficients is 1, s is even if for all v € Z™ we have v'sv € 2Z. The dual
lattice A* = {£ € R" :Va € A,z - £ € Z} also has rank n and is rational precisely when A
is. We have that A is integral if and only if A C A*. If A = MZ" then A* = M*Z"™. Given
an abelian group (G, +) we set exp(G) = min{j € Z* : Vg € G,jg = 0}. The minimal
vectors of s are the v € Z™ satisfying v’sv = m(s). The minimal vectors of A are the z € A
satisfying = - x = m(A).

Consider a Siegel modular form f € MF. For a rank n lattice we pick a basis A =
MZ™ with Gram matrix s = M’M and define ¢} f = ¢Xf = f o ¢s. Since f is a Siegel
modular form, ¢} f is independent of the choice of M. Occasionally a more complicated
construction is requisite: Let X € Ext™™ (A, A*;R) = Sym (A* ® A*)g /Sym (A* ® A*),
be given along with A. Pick a representative X € Sym (A* ® A*), so that X = [X]. Let
Jj:R"®@R"™ — M, x,(R) be the isomorphism of vector spaces given by j(x ®@y) = xy’. We
may define ¢} x f by ((bf\’Xf) (1) = f(M'(I, 7+ jX)M); since f is a Siegel modular form
®A x [ is independent of the choice of basis M and representative X. We then have Phof
=opf =o5f.

§2. The [ operation.

We now explain the operation of the cusps on lattices A with rational Gram matrices.
Motivation for the definitions in this section may be found in the proof of Lemma 5.3.

Definition 2.1. Let 0 = Z Z) € I'y. Let A be a rational lattice. Define the rational

lattice AOo by AOo = cA* 4 aA.
As examples of this operation we have: AOI = A, AOJ = A* and AO(Jo)* 2 (AOo)*.
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There is another invariant that we can extract from A and o, it is an element X €
Ext™™ (AOo, (AOo)*; Q). First we need the following two Lemmas. By treating the
elements of A @ A7 as 2 x 1 column vectors we may let I'y act on A @ Af) from the left. For
a lattice T, we may also let X € (Y* ® T*)g map T to T via Xz = (jX)z for x € Y.
Lemma 2.2 recounts the standard properties of Ext and we omit the proof.

Lemma 2.2. Let Y be a lattice. The lattices £ such that 0 YT* C L C T @ T@

which make the sequence 0 — T*ELTLY — 0 ezact are in one-to-one correspon-
dence with the elements of Ext(T,T*Q) = (Y*@Y")y/(T*®7T*),. The elements
of Ext™™ (T,1%Q) = Sym (T"®Y")y/Sym (Y ® Y*), are in one-to-one correspon-
dence with the lattices L such that L = JL*. The correspondence is as follows: For any
Xe(r® T*)g define FX: YY" —-Ta T3 by FX(2,8) = (x,Xx +€). An element
[X] € Ext (Y, T*;Q) determines the lattice L = FX (Y & Y*). For any lattice L choose
a rectraction r1 : Y — L; r1 is a homomorphism such that w1 o r;y = idy. Choose any
basis {m;} for YT and let {m}} be the corresponding dual basis for Y*, then we may select
X = Zi(ﬂ'ngmi) ® m:‘

Lemma 2.3. Let 0 € T'y. Let A be a rational lattice. Let L = o' (A @® A*). We have
0@ (AQo)* C £ C (AOo) @ (AQo)g, the sequence 0 — (A Oo)* L5 (A00) — 0 is
exact and L= JL".

Proof. We have L = o/ (A® A*) = {(axz + €, bz +df) : x € A€ € A*} C (aA+cA*) &
(bA +dA*) = (AOo) & (AO(Jo)*) C (AOo) @ (AOo)g. To show that 0 (AOo)* C L so
that the range of the injective 5 is as stated pick any # € (AOo)*. From 6 € (aA + cA*)”
we have cf € A and af € A*. Selecting © = —cf and £ = af we have (0,6) € L. To show
that ker m; = Im ¢5 suppose we have that ax+c& = 0 for some z € A, £ € A*. We must show
that bx 4+ d¢ € (AOo)* or equivalently that (bx + d§,ay + cn) € Z for any y € A,n € A*.
Using ax = —c£ and ad — bc = 1 we have (bx + d§,ay + cn) = (£,y) — (z,n) € Z.
To show that £ = JL* we simply calculate: JL* = Jo 1 (A*®A) = o/ J(A*BA) =
o (AeA*)=L O

Definition 2.4. Let 0 € I'y. Let A be a rational lattice. Let X[A, o] be the element of
Ext™™ (AQo, (AQo)*; Q) determined by L = o' (A © A*) in the one-to-one correspondence
of Lemma 2.2 with ¥ = AUo.

Theorem 2.5. Let 0 € T';. Let A be a rational lattice of rank n. Choose any basis
M € GL,(R) for A so that we have A = MZ"™ and s = M'M is the Gram matriz associated
to the basis M. Let My € T',, and T = (Ig é) € A, (Q) be any choices giving the fac-
torization as(o) = MyT. We have AOo = MK~'Z™ and X[\, 0] = [j=' (M*B'KM~1)].

(e 5) (% %)

Proof. Write as(0) = MiT as

al, bs
cs™t dI,
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Transposing this equation and multiplying on the left by u (M) we have

aM cM*\ MK 0 A
bM dM* ) M*3 M*K' B D)

Apply Z*" on the right of the equation (aM ¢M*) = (MK~ 0)(unimodular) and
obtain aA + cA* = MK~'Z" or AQo = MK~17Z".
Now let X = 51 (M “B'KM *1) and rewrite our basic relation in the form:

G ) ) Ce D) k)2 5)

The fact that M{ is unimodular gives o/ (A & A*) = FX ((AOo) & (AOo)*) so that [X] =
=t (M*3'KM™")] gives the class of X[A, o] by Definition 2.4. O

§3. Dyadic traces of Root Lattices.

Let C be the cone inside P (R) generated by all v’ for v € Z™. C can be character-
ized as the elements of P5°™i(R) whose radical is defined over Q and C contains P, (R) as
the elements of radical zero. The dyadic trace w is a class function w : C;; — R>( defined

by w(s) = infycp, (w) fj(?) . The dyadic trace may also be characterized as a supremum. A

dyadic representation of s € C}: is an equation s = > a,v;v} where o; > 0 and v; € Z™\{0}.
We have w(s) = sup Y «; where the supremum is over all the dyadic representations of s.
Both the supremum and infimum are attained. The inequality (t,u) > m(t)w(u) holds for
all u € C¥, t € P,(R) and equality holds precisely when u has a dyadic representation in
the minimal vectors of ¢t. If we let w(t) be the cone in C}} generated by the minimal vectors
of ¢t then equality in (t,u) > m(t)w(u) holds precisely when u € w(t). A form s € P,(R)
is called semieutactic when s~! € w(s) and eutactic when s~! is in the relative interior
of w(s). Since (s,571) = n an s € P,(R) is semieutactic if and only if n = m(s)w(s™1).
According to Coexeter [2] all of the lattices R = A}, D,,, E,, and their duals are eutactic
so that we may compute w(R*) = n/m(R) and w(R) = n/m(R*).

Proposition 3.1. The minimal norms of the irreducible root lattices and their dual lattices
are as follows:

) m(AY) =n/(n+1) forn > 2.
) m(D}) =1 forn > 4.
) m(Eg) =3
) I
) T

(E§) =3, m(&7) = %, and m(FEg) = 2.

n the above cases the minimal norm of the dual lattice is 2.

m(A},) = min(2, @) forrq=n+1 and for n,q > 1.

(1
(2
(3
(4
(5

Proof. See [1] and [2]. O
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Corollary 3.2. The dyadic traces of the irreducible root lattices and their dual lattices are
as follows:

(1) w(A,)=n+1 forn>2.

(2) w(D,)=n forn > 4.

(3) w(Es) =2, w(Er) =L, and w(Es) = 4.

4) In the above cases the dyadic trace of the dual lattice is 2, where n is the corre-
2

sponding dimension.

(5) w(A},) = max(%, %) forrg=mn+1 and forn,q > 1.

The dyadic traces just computed are rational and the dyadic trace has the following
general rationality property.

Theorem 3.3. Let K C R be a Q-vector space. We have w : C* NP*™(K)\ {0} — KT.

Proof. Let s € C;: N Pemi(K) \ {0}; that is, the entries of s satisfy s;; € K. There
exists a dyadic representation [14] s = vazl a; v; v}, such that a; > 0, v; € Z™ \ {0},

and w(s) = Y, ;. Now consider the region in RY defined by D = {z € RN : s =
Zf\il z;vvl, and x; > Oeachj = 1,... ,N}. It is a region defined by a finite system
of linear equations and linear inequalities. Note that D is bounded since it is in the first
“quadrant” and every x € D satisfies x1+- - -+xn < w(s). Note also that D is convex since
if z,2’ € D then px + gz’ € D, for p,q > 0 with p+ ¢ = 1. Note also that D is nonempty
since & € D, where a has components «;. Then the linear function f(z) = Zf\il x;
must attain its maximum at some vertex of the region D. Since a vertex y € D is the
unique solution to a system of linear equations given by s = vazl z;vv, and z; = 0
for j belonging to a subset of {1,..., N}, Cramer’s Rule shows that the coordinates of
y must be rational expressions in the coefficients of this system of equations. Since the
coefficients of the matrix being inverted are all integers and since K is a Q-vector space,
then the coordinates of y are also in K. So we have f(y) =y1 + - -+ yny € K. Since we
know a priori that this maximum value is w(s), then w(s) = f(y) € K. Since w(s) > 0

automatically for s # 0, we have w(s) € K*. O

§4. Slopes of Root Lattices.

When A is integral and o € I'y we have Ao = ¢cA* +a A = cA* + A because A C A*
and (a,c) = 1. Similarly, for A with /A* C A we have cA* + A = ({,c)A* + A. This
shows that A Oo depends only upon A and upon the double coset I'g(¢)oc A1 because (4, ¢)
has the same value for every element of I'g(¢£)cA;. We use this fact to make the following
definition.

Definition 4.1. Let A be an integral lattice of rank n with { = exp (A*/A). Define:

12 1
slope(A) = — ————+ widthy (o) w (AOo) .
n [Fl : Fo(g)] [U]GFQ%Fl/Al

Note that slope(A) is also 12/n times the average of w (A Qo) over [o] € T'g(¢)\I'1. The
next Proposition is an immediate consequence of Theorem 3.3.
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Proposition 4.2. If A is an integral lattice then slope(A) € Q.

By a good choice of coset representatives for I'g(¢)\I'1 /A1 we can rewrite the formula
for the slope of an integral lattice as a number theoretic sum over the divisors of . Here
¢ is Euler’s function ¢(¢) = card (Z/¢Z)™.

Lemma 4.3. Let A be an integral lattice of rank n with £ = exp (A*/A). We have

12 1 T *
slope(A) = T To(0)] q,re;qr:e 0.7 ¢ ((q,r))w(gA* +A).

Proof. We use coset representatives for I'g(¢)\I'1/A; that are given by o, , = (Z :)
of width £/(¢,q?) for each g|¢ and where for each class [u] € (Z/(q,¢/q)Z)" we pick a
representative u with (u,q) =1, see [9, pp. 35-37]. Then Definition 4.1 reads

12 1 0 .
slope(A) = ;mz Z (£7q2)w(q/\ +uAl)

q:q|e u:lguﬁ(q,g) and (u,(q,ﬁ))zl

Since A C A* and (u,q) = 1 we have ¢ A* + uA = ¢gA* + A so that the summand is
independent of u. Setting r = g this renders the double sum as

> s

q,r€Zt: qr=~L

) w(gA*+A). O

Proposition 4.4. We have slope(Es) = 27, slope(E7) = —O and slope(Eg) = 6.

Proof. When ¢ = 1 we have slope(A) = 2w ( ) and hence slope(Es) = 12-4 = 6. When / is
prime we have slope(A) = 25 (w(A) + Ew( *)) since the only two cusps are [I] and [J].

We have slope(E7) = 2 241_1 (14 +2- 1) = 2 and slope(Eg) = 12 3+1 (2+3-9)=2. O

Proposition 4.5. We have slope(D,,) = 8 for n > 4.
Proof. When n is even exp (D} /D,,) is the prime ¢ = 2 so that we have
12 1 121 n
lope(Dy) = — o (w(Dy) + 20(D})) = < (n+2- 2 ) =,
When n is odd ¢ = exp (D} /D,) = 4 and I'p(4)\I'y/A; has 3 cusps represented by:

(1 O), (1 O), (_01 (1)) of widths 1, 1, 4 respectively. When the rank n is odd we

0 1 2 1
have D,, O <; (1) = 2D} + D,, = I,, and therefore we have
12 1 121 n
lope(D,)) = ————_ (w(D, 1) + 4w(D* :——( 4-—):8. 0
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Proposition 4.6. Letn > 2 and 3 =4/(4,n+1). The slope of A, is
% ifn=>5
n+2 . .
slope(4,,) = 6+ (n+1) (%) if n is even

n2+2 n+n—2 . .
6+ w(n+1) ( n(fz—l) > if nis odd, n # 5.

Proof. We have ¢ = exp (A} /A,) = n+ 1. Set v = y(¢) for simplicity. Since we have
qA; + A, = qAL 1]+ A, = Anlg] = A), the formula from Lemma 4.3 for the slope of A,
reads:

slope(4,,) = 171—2% Zﬂ % w(Al) .

Most of the w(Aj,) will be § as can be seen if we rewrite Corollary 3.2 (5) as follows:

n+l1l ifr=1
nnt) i =9

w(Ap) =4 2D
2 if (r,q) = (3,2)
% otherwise

We need to consider the three possible cases.
Case n =5. Then we have n + 1 = 6 and this is the case where (r,q) = (3,2) can
happen. The enumeration of (r,q) is (6, 1), (3,2),(2,3), (1,6). Thus we have

121 /6 3 2 1
wlde) = 25 (Tt + Fuead) + 2uad) + Juay)
121 /6 5 3 10 215+16_77
S 512\1 2 1 3 1 4 1 - 10°

Case n is even. Then n+1is odd. Then for all r > 1 with r|(n+1), we have w(A4},) = 5.
b= 1.

The only dyadic trace that is not % is when (r,¢) = (1,n + 1), which has TQZE”(Z’)Q) =
Thus we have
12 1 121 n 6 (n+2
A,) == (1 A 1 ) ——(1 1 —1—>:6 d .
w(dn) = 22 (10(d,) + (= 1F) =22 (M )+ (- 1)F) =6+ 2 (M
Case n is odd, n # 5. Then n + 1 is even. Then for all » > 1 with r|(n + 1), we have
w(A7) = 2, unless r = 2 and ¢ = 21, So the only dyadic traces that are not 2 are

when (r,q) = (1,n + ), which has T‘ﬁ(&(z)q)) = 1, and when (r,q) = (2, 241, Wthh has

r o((r, o _ —
((éq)q)) — (2,3“) = (4’n+1) = (3. Thus we have
12 1 n
=21 (1 )+ -1 92)
U)( ) "y U)( )+ﬁw< n)_{—(/y 6)2

121 n(n+1) n\ . 6 (n*+208n+n-—2
-7 (eI o103 —end (EEEEE)
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Here is a table of the slopes of the first few A,,, along with decimal approximations
truncated to two decimal places.

n ol 31 4| 5|6 7] 8| 910 11]12] 13| 14] 15
26 15 77 143 53 355 33 349 13 497 44 1327
slope(An) | 9| 5 | T |6 |7| 55 | S |5 | 5|5 |5 = | 7 | 510

approx | 9(8.66|7.5|7.7[7]6.80|6.62|6.57[6.6(6.34[6.5|6.37[6.28|6.31

A similar computation to that for A,, will give the slope of A7 .

Proposition 4.7. Letrq=n+1,7=71/(r,q) and { = (n+1)/(r,q)*. We have

Slope(A ) if (r,q) =1
slope(vV7AT) = 6+ [CESEI0) 1)%4) if (r.q) =2
6 if (r;q) = 3.

We have casually referred to the slope of lattices such as A] which are rational but not
integral. The following Proposition shows that we may define the slope of a rational lattice
to be the slope of any integral rescaling.

Proposition 4.8. Let A be an integral lattice. Let o be a positive real number. If aA is
integral then we have slope(aA) = slope(A).

Proof. Since both aA and A are multiples of the same primitive lattice we may reduce
to the case where a = /N for some integer N. By induction, we only need to prove
that slope(,/pA) = slope(A) where p is prime. If we denote £ = exp(A*/A) then we have
exp((/PA)*/(y/PA)) = pl. We first consider the case p f¢. Then v(pf) = (p + 1)y(¢) and

we have

Slope(/FA) = 1n2 - (; 5 qrng %w(% A"+ FA)
STEoP Ve o L
_ %m u;g (%%w(mz\* +pA) + %%w(uA* ~|—pA))
_ 1712715 Z % (uA* + A) = slope(A).

We then consider the case p|¢. Then v(pf) = py(¢). Let £ = p'm with (p,m) = 1. We
first write out the summation for slope(A). Instead of summing over ¢ and r such that
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qr = p'm, we let ¢ = p’u, r = p~Jv and sum over j, v and v such that 0 < j < ¢t and
uv = m. Thus we get

12 1 . t—J ,
slope(A) = Z Zqﬁ )mw(pﬂzm* +A)

uv=m j=0

12 1 U¢UU P70 )
) n (0 Z (u,v) g (p?,pt=7) wipuh®+ 4)

. ]_2 1 ’U¢ u, ’U pt J¢( min(j,t— J)> . .
n 7(5) Z (u,v) Z pminGi,t—3) w(p?ul* + A).

uv=m

Here we have used the fact that p fu and p fv, and the multiplicative property of ¢. Using

ﬂmtﬂﬁ):{], ifi=0
pl

_ e we have
plTl ifi>0

1 ifj=0¢
p

= otherwise

(4.9) slope(A) = 21 Z v, v)) Zpt_j { }w(pjuA* +A).

Similarly, we have slope(,/pA) =

12 1 vp((u,0)) &2 [ 1 ifi=0t41 piu
e vo((u,v)) N R
n py(0) uvzz:m (u,v) ]z::()p ijl otherwise w(— NG +vpA).
12 1 vp((u,v)) t+1 1 1 if j =0,t+1 -

T om0 =, (W) A* £ A).
n py(f) Z (u,) Zp L=l otherwise pw(p’™ uld” +A)

uv=m ]:O D
t

_ 121 vé((u,v)) t—j 1 ifj=-11 G0 A K

B ;mu;m (u,v) j_z_lp { ijl otherwise }w(p uhTHA).
In the inner sum, when j = —1, we have p't! . w(%u/\* + A) = plw(uA* + pA) =
p'lw(uA* + A) because (u,p) = 1. Thus in the inner sum, combining j = —1,0 yields
plw(uA* + A) + p”’%}w(uA* + A) = plw(uA* + A). This is the j = 0 term in the inner
sum of equation 4.9 and so by comparison with equation 4.9, we are done. [

Theorem 4.10. Let A be an integral lattice with £ = exp (A*/A). We have the equality:
slope(v£ A*) = slope(A).

Proof. We first reduce the Theorem to the case where A is primitive. Any integral lattice
A may be written as A = /NA where A is primitive. If A has exp (A*/A) = ¢ then A has
exp(A* / A) = { = N/{. Assuming the Theorem for primitive lattices we have slope( f A*) =
slope(v/ Né\/LNA*) = slope(VZA*) = slope(A). On the other hand using Proposition 4.8
we also have slope(A) = slope(v/NA) = slope(A).
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For a primitive A both A and v/A* have glue groups of exponent £. From Lemma 4.3
we have

slope(VIA*) = %m Z (qTT) o ((q,r))w (q <\/EA*>* + \QA*) .

q,r€Zt:qr=~L

Now we have w (%A + \/ZA*) = %w (A + §A*> = Lw (r A* + A). Hence, if we switch ¢
and r, the above sum is the formula of Lemma 4.3 for slope(A). O

With this Theorem we complete the computation of the slopes of the irreducible root
lattices and their duals. The slopes of reducible lattices may be computed using the
following Proposition whose proof we omit.

Proposition 4.11. Let Ay, Ay be integral lattices with ranks ni, ng, respectively. We
have the equaltity: slope(A1 & Ag) = —2—slope(A1) + —22— slope(As).

ni+nso ni+nsz

§5. Main Theorem.

Our goal in this section is to prove that a Siegel modular cusp form f vanishes on all
st for 7 € H; when we have slope(f) < slope(s). We first introduce homomorphisms from
rings of Siegel modular forms to elliptic modular forms.

Theorem 5.1. Let ¢, n, N € Z*. Let A be an integral lattice of rank n with ¢ =
exp(A*/A). The map ¢} is a graded ring homomorphism
¢p : My, (Dno(N)) — My (T'y0(NY))

that multiplies weights by n and takes cusp forms to cusp forms.

Proof. Let f € MF (T, o(N)) for integral weight k. Let s be a Gram matrix for A. For
T € Hy we have (¢} f) (1) = (¢% f) (1) = f(s7) so that ¢% f is a composition of holomorphic

functions. For o € I'1 o(N¥¢) we have (¢%f) | o = ¢ <f|ozs(a)) by equation 1.1 and
nk k

o (f|as(a)) = ¢% (f) because as(0) € I'y, o(IV). For projective rational o € Sp;(R) the
k

boundedness of (¢%f)|oc = ¢% (f|as(o)) on domains of type {T € Hy : ST > yp} follows
from the boundedness of f|as(o) on domains of type {Q € H,, : IQ > yos}, as(o) being
projective rational when o is. These conditions show ¢*f € MT* (T'; o(N¥¢)) so that ¢
multiplies weights by n; substitution always defines a homomorphism.

To show that ¢ takes cusp forms to cusp forms let f € S¥ (T, o(N)) and let o be
projective rational. Using equation 1.1 we have

o ((¢5f) |o) = @0 (95 (flas(e))) = lim ¢;(flas(o)) (iA) = lim (flas(o)) (ids).

A——+4o00

The eigenvalues of As go to infinity so this equals @f (f|as(o)) = 0, compare [10, p54]. O

Let voo(f) be the order of the Fourier series of f in powers of e (7).



12 CRIS POOR, DAVID S. YUEN

Lemma 5.2. Let A be an integral lattice of rank n and let X € Ext™™ (A, A*;R). Let
f € Mk, We have vy ((bj‘\’xf) >u(f)w(A).

Proof. We have (qﬁj‘\’Xf) (1) = f(s7+ R) where for some basis M with A = MZ" we
have s = M'M and R = M'jX M. If f(Q) = > resupp(p) ore ((T,8)) then f (s7+ R) =
Y.rare((T,R))e (7')<T’S> so that v (qﬁf\’Xf) > Minpegupp(s) (I, 8). Since we have (T, s)
> m(T)w(s) we also have minpecgupp(f) (1, ) > Minpegupp(r) M(T)w(s) = p(f)w(s). O

The next Lemma allows us to compute the Fourier expansion of ¢} f at each cusp of
Xo(¢) in terms of the Fourier expansion of f.

Lemma 5.3. Let A be an integral lattice of rank n. Let f € M* and o € T1. We have

1
(OAS) |o = ADo : AJF PA o, x[A,0] S

Proof. Write A = MZ" and s = M'M. We have (¢} f)|oc = (¢%f) o = ¢%[f|as(o)].

As in [5, p. 125] factor as(c) = M1T where My € T, and T = (Ig [ﬁ() € A,(Q).

Then we have ((¢3/)|o) (1) = (¢3[f|T)) (r) = [fIT)(s7) = det(K)~*f ((K*s7 + B)K ')
= det(K) Ff (K*sK~ 't 4+ 3K 1).

On the other hand, using the basis A Jo = M K ~1Z" and the representative jX[A, o] =
M*3' KM~! from Theorem 2.5 we also have

<¢7\DJ,X[A,J]JC) ()= fF (MK "7(MK™") + (MK~ 'Y jX[A, o] (MK™))
=f(K*M'MK 't + K*M'M*B KM 'MK™') = f (K*sK 't + K*f3)
= f(K*sK™ 't + BK").

We have K*(3' = 3K~ since T is symplectic. Clearly we have [A o : A] = det(K). O

Let T' be any Fuchsian group of the first kind contained in I';. We recall [18] the
construction of the compact Riemann surface X (T"). Let H; have the standard topology
and let H; = H, UP'(Q) have a basis of deleted neighborhoods about each point z € P*(Q)
given by the open horodisks in H; tangent to R at z. We define X () = F\ﬂl and choose
the minimal topology on X(F) such that the orbit map 7 : H; — X(F) is open. With
this topology X (I') is compact. The complex manifold structure on X (T') is given by the
following charts: For generic points m(79) with Isor(79) = e and any neighborhood N of
7o with the {yN : v € I'} all disjoint a chart ¢n -, is given by the bijection: 7(N) «— N.
For exceptional points 7(7g) with Isor(7p) cyclic of order m > 1 and any neighborhood N
of 7y stable under Isor(7y) with the {yV : [y] € I'/Isor(7y)} all disjoint choose o € Sp,(C)
with o(79) = 0 and o(7y) = oo; the chart ¢n 5, is given by the bijection: 7(N) «—
{o(7)™ : 7 € N}. For cusps m(x) choose o € Sp,(Z) with o(c0) = x and note that
widthy(o) = [Isor, (z) : Isor(x)]. For any neighborhood N of x stable under Isor, (z)
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with the {yN : [y] € I'/Isor(z)} all disjoint the chart 1)y . is given by the bijection:
m(z) Um(N*) «— {0} U{e(c7(r)/ widthy(s)) : 7 € N*}; here N* = N \ {z}. One
checks that the images of the charts are open in C and that the transition functions form
an analytic atlas. Hence X (I') = I'\H; is a compact Riemann surface and X (I') = I'\H;
is obtained from X (T'") by removing the finite number of cusps I\P!(Q). The set T\I'; /A;
is in bijection with the set of cusps I'\P*(Q); we send I'cA; to I'o(co).

For every p € X(T') define [18, p. 38] valuations v, : MY (I') — Q as follows: For
generic 7(70), Vx(ry)(f) is the order of the Taylor series of f in powers of (7 — 7). For
exceptional 7(7p) with Isor(7p) cyclic of order m, vy (;,)(f) is -- times the order of the
Taylor series of f in powers of (7 — 7p). For cusps 7(z) and o € Sp,(Z) with o(o0) = =z,
Vr(z)(f) is the order of the Fourier series of f|o in powers of e (7/ width,(c)). This notation
almost coincides with our earlier notation when z = 0o because V() (f) = Voo (f) is the
order of the Fourier series of f in powers of e (7). The importance of these valuations
lies in the following bound on the total vanishing order of a nontrivial g € MF(T) of even
weight k& (combine [18, p. 39] Proposition 2.16 and [18, p. 23] Proposition 1.40):

k
(5.4 Mors = Y vl
peX(T)
Theorem 5.5 (Main Result). Let f € S* be a Siegel modular cusp form and let A be
an integral lattice of rank n. If we have slope(f) < slope(A) then we have ¢} f = 0.

Proof. By restricting the summation in equation 5.4 to the cusps of X(I'y(£)) we have for
nontrivial g € MF(T(¢)) and for even k:

k
Cr:To@l5 > D Vaeon(9)
[o]€To (O\F1/As

We apply this inequality to ¢4 f € M7**(To(¢)) noting that nk is even for nontrivial f:

PTo@’2 > S0 v (@30,

12
[e]eTo(O\T1/ A1
We now apply Vr(s(co)) (¢hf) = widthe(o)ve (¢} flo) = widthe(o)veg <¢}‘\DU,X[A,J]f> >
widthy(o)u (f) w (AOc). The first equality is the definition of v/ (,(~)), the second equality

is given by Lemma 5.3 and the inequality is given by Lemma 5.2.
Therefore we have

k .
Iy : Do (5)]% > Y widthy(o)u(f)w(ADo)
[o]€lo(O\I'1 /A1

and

k 12 1
S S Z widthy(o)w(A Do)
n(f) n [[1: Lo(6)] [o]€To(O\I'1 /Ay

or slope(f) > slope(A) for nontrivial ¢} f. O
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§6. Conclusion.

To see that our results can be sharp consider S§. The Schottky modular form .J spans
S, see [17][13][3], and has slope 8. The lattice D4 also has slope 8 and from the following
definition [8] of J (write 1 = z):

J(Q) = 7”80 + "‘33; + Tio — 2 (r00T0x + T00T20 + T02720) 5

8
0 0 O
Ty = H g[lu a B 'Y](O,Q) for p,v € {073’.}
a?ﬂ?’ye{07$}

one can show that

(6p,7) (r) = 271%0[ 1(r)°6] ) )(r) %[ 1(7)*
and so ¢}, J € S7? (T'o(2)) is not zero. Since ¢}, J vanishes only at the cusps this inciden-
tally shows that no Gram(Dy4)T is a Jacobian.

To give an application to the determination of spaces of cusp forms consider S2. Duke
and Imamoglu [3] proved that S = 0 for all n by using L-functions and explicit formulae.
We give a second proof that S¢ = 0. According to [14, p. 218] an f € S* is determined by
the subset of Fourier coefficients ar that satisfy w(7") < nj_ X We have 55_ 1~ 2.76
and the only semi-integral class [T] with w(T) < 3 is represented by 1 Gram(Ds). Hence
the map from S¢ to C given by f — a 1 Gram(Ds) (f) 1s an isomorphism. By Propositions
4.5 and 4.10 we have slope(2D%) = slope(Ds) = 8 whereas an f € S¢ has slope(f) < 6
so that by Theorem 5.5 we have ¢} D: f = 0. The Fourier expansion of ¢3 D: f, however,

is given by (Q%D;f) (1) = a%Gram(D5)q10 + O(q') where ¢ = e (1) so that @1 Gram(Ds)
and hence f itself vanish. This shows that S = 0. The above Fourier expansion is
an immediate consequence of the arithmetic-geometric inequality (4 Gram(Ds)™ !, T) >
56(4 Gram(D5)~1)8(T) where 6(s) = det(s)'/", equality holding only when T is a multiple
of Gram(Ds). Our results are not as deep as the results mentioned in the Introduction on
the hyperelliptic and trigonal loci because their function fields are not so simple as that
of X, (¢). However, it is more serviceable to have many simple homomorphisms ¢} than
to have a few complicated ones. For example, although slope considerations show that
any f € S must vanish on the hyperelliptic locus in As it is not elementary to relate the
Fourier coefficients of f to the image of f in the ring S(2,12) of binary invariants.
Finally consider the lattice D,, of slope 8. There are interesting Siegel modular cusp
forms of slope less than 8 when n > 5. Following Mumford [11] let Ny denote the divisor
on A, containing principally polarized abelian varieties possessing a singular theta locus,
N§ denote the divisor on A,, containing principally polarized abelian varieties that have
some nontwo-torsion in the singular part of the theta locus and ©,,) the divisor on A,
containing principally polarized abelian varieties that have two-torsion in the singular part

(A0

of the theta locus, i.e., a vanishing even thetanull. In the Picard group Pic of a

partial Compactlﬁcatlon AW of A, the divisor classes are related by [No] = [Onun]+2[Ng].
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The support of each of these divisors is the zero set of some Siegel modular form by a
result of Freitag [4] and the slope k/u of a Siegel modular cusp form in our sense equals
the “slope” of its associated divisor class in the sense of Mumford, see comments in [11].
The slope of the divisor class Ng is [11, p. 368]

2 27L71(2TL+1)
61 + n+1 (n+1)!
— 24 ’
1 — 922n—6 CEsY)

asymptotic to 6 and less than 8 for n > 5. By Theorem 5.5 we have [Gram(D,,)1] € N§.
Thus for n > 5 the principally polarized abelian variety C"/ (Z™ + Gram(D,,)7Z") has a
singular theta locus and every deleted neighborhood of C"/(Z"™ + Gram(D,,)TZ") in A,
contains principally polarized abelian varieties with nontwo-torsion in the singular part
of the theta locus. This result, achieved through numerical criterion, seems difficult to
approach in any other way. Actually it seems period matrices like Gram(D,,)T are quite
special. In n = 5 we can show that Gram(Ds)7 has 60 vanishing even thetanulls and so
[Gram(Ds)7] € N& N Opu.
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