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Abstract

This study examines the optimal public debt structure when governments
can issue multiple assets, the state’s fiscal capacity is uncertain, public debt
has a liquidity purpose for domestic investors, and public debt markets are
open to foreign investors. The optimal policy is to tranch the risky fiscal ca-
pacity and then to issue state-contingent assets that pay only when the need
for aggregate liquidity in the economy is high. In this way, governments
can minimize wasted liquidity of public assets: unused returns on public
assets not required by domestic investors. This minimizes the cost of liquid-
ity hoarding for the domestic private sector, which increases investment and
welfare in the economy. This study also provides a framework to analyze rel-
evant comparative statics regarding the ownership of state-contingent public
assets. In particular, the model assesses the effects of changes in the domestic
liquidity needs, the state’s fiscal capacity, and the foreign willingness to pay
for public debt on the ownership of state-contingent public assets.
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1. Introduction

In modern economies, investors value public debt for its liquidity (Kr-
ishnamurthy and Vissing-Jorgensen (2012), Bolton and Jeanne (2011), Gen-
naioli et al. (2014)). This is particularly true in emerging economies where,
owing to limited access to international capital markets, investors have fewer
options in terms of storing liquidity (Asonuma et al. (2015), Gennaioli et al.
(2018)).

Many researchers have studied public liquidity provision using a sin-
gle bond (Holmstrom and Tirole (1998), Woodford (1990), Aiyagari and
McGrattan (1998), Holmstrom and Tirole (2011), Guerrieri and Lorenzoni
(2009), Angeletos et al. (2016)), focusing on the optimal quantity of debt.
However, relatively less is known about the optimal public debt structure
when governments issue multiple debt instruments. Therefore, this is the
focus of this study.

Studying the optimal public debt structure with multiple debt instru-
ments is relevant because, in practice, governments issue a wide variety of
assets in public debt markets.

To examine the optimal public debt structure, this study uses a model
with the following three key elements. First, domestic investors use public
debt as collateral. Second, public debt markets are open to risk-neutral
foreign investors, who demand public debt as a saving vehicle. Third, the
government commits to repaying the assets it issues, but is constrained by
its risky fiscal capacity, rendering public debt risky.

In this environment, the optimal policy is for the government to tranch
its risky fiscal capacity and then to issue state-contingent assets. Under the
optimal public debt structure, the government issues assets that pay only
when the need for aggregate liquidity in the economy is high. In doing
S0, they minimize unused returns on public assets that are not required by
domestic investors (assets’ wasted liquidity). This minimizes the cost of
liquidity hoarding for the domestic private sector, which increases investment
and welfare in the economy.

The introduction of state-contigent public assets has long-standing sup-
port in academic and policy circles (Fischer (1983), Gale (1990), Shiller



(1993), Allen and Gale (1994), Caballero (2002), Blanchard et al. (2016),
IMF (2017)). The primary motivation for state-contingent public assets, ac-
cording to this literature, is to increase risk-sharing opportunities. Instead,
in this study, the motivation for state-contingent public assets is the optimal
public provision of liquidity.

The most relevant state-contingent public assets are index-linked securi-
ties, bonds whose payments are linked to an inflation index, a commodity
price (e.g. oil, gold), or to a reference interest rate (Allen and Gale (1994)).
Other state-contingent public assets indexed, for example, to GDP, govern-
ment revenues or nominal wages are quantitatively minor (IMF (2017)).

The current study provides a framework to analyze relevant comparative
statics regarding the ownership of state-contingent public assets. In particu-
lar; the model assesses the effects of changes in the domestic liquidity needs,
the state’s fiscal capacity, and the foreign willingness to pay for public debt
on the ownership of state-contingent public assets.

The rest of the paper is structured as follows. Section 2 lays out the model
and the key result on wasted liquidity. Section 3 presents the normative
analysis, discusses the optimal public debt structure with multiple assets,
and examines the comparative statics in the model with multiple assets.
Lastly, Section 4 concludes the paper.

1.1. Related Literature

This study is related to several strands of literature. First, it is related to
research on the public provision of liquidity and the references cited in the
previous subsection. These studies all examine the optimal quantity of debt
and rule out constraints on fiscal capacity or multiple debt instruments. In
contrast, this study abstracts from the quantity of debt and focuses on the
fiscal capacity dimension, thus showing how the issuance of different debt
instruments can improve the liquidity provision for a given quantity of debt.

Second, it is related to the literature on the shortage of safe assets (Ca-
ballero (2010), Caballero and Krishnamurthy (2009), Caballero and Farhi
(Forthcoming), Gourinchas and Jeanne (2012), Gorton (2016)). In particu-
lar, it is closely related to the ESBies proposal by Brunnermeier et al. (2016),
which identifies the lack of safe assets as the source of the problems in the
European Union. The latter study proposes using a European debt agency,
which would buy a portfolio of member nations public bonds, and then is-
sue senior and junior tranches from this portfolio. In the current study,
the optimal structure includes Arrow—Debreu securities, which can perform



better than a senior (safe) and a junior (risky) tranche can. Moreover, the
optimal public debt structure in the proposed model does not require being
implemented by a supranational entity.

Third, it is related to the literature on state-contingent assets in pub-
lic debt and the references cited in the previous subsection. The current
study finds countercyclical features in the optimal public debt structure; the
government issues assets that pay only when the need for aggregate liquid-
ity in the economy is high. Thus, it is related to previous work studying
countercylical state-contingent assets in public debt (Ebrahim and Tavakoli
(2016)). This policy report highlights the various benefits of countercyclical
state-contingent assets in public debt and gives the two operative example of
this asset category in public debt; namely, Grenada’s hurricane clauses and
the Agence Francaise de Développement countercyclical loan portfolio. In
contrast, the current study solves for the optimal public debt structure and
concentrates on the liquidity benefit of this asset category.

Finally, this study contributes to the literature on public debt owner-
ship (Broner et al. (2010), Erce (2012), Gennaioli et al. (2014), Broner et al.
(2014), Brutti and Saure (2016)). Most other studies concentrate on the
composition of the investor base and on default incentives, especially with
regard to creditor discrimination. Instead, this study focuses on how hetero-
geneous investors influence the optimal public debt structure, and introduces
heterogeneous debt instruments into the analysis.

2. Model

This section describes a stylized economy where public debt provides lig-
uidity to the domestic private sector, the government’s repayment ability
is risky, and foreign investors demand public debt. Here, investment and
domestic and foreign demand for public debt are described, and key compar-
ative statics are presented.

2.1. Environment with Risky Fiscal Capacity

Consider a three period economy, with time indexed ¢t = 0,1,2, and a
single good. The domestic economy is populated by a unit mass of consumers
and a unit mass of entrepreneurs. The latter have an investment opportunity,
are risk-neutral, and do not discount future payoffs. Abroad, foreign investors
are also risk-neutral and their discount factor, denoted by *, satisfies * > 1.



The timing is as follows. At period 0, entrepreneurs have wealth A and
choose an initial investment scale, I, in a project of variable scale. They
borrow from consumers using a standard debt contract to start a project of
scale I > A.

At period 1, the projects are hit by an aggregate liquidity shock, which
leaves the projects requiring an injection of ¢ units of good per unit of initial
investment to be able to continue. The liquidity shock can take two values:
{or,0n}, where o1, < of. After the projects are hit by the liquidity shock,
the entrepreneurs decide the continuation scale of the projects x € [0,1].
Because all entrepreneurs are identical and the uncertainty is aggregate, all
projects and continuation scales are the same.

At period 2, the projects give a private return to entrepreneurs of R > 1
for each unit of investment carried through to period 2. Of this return, only
p < R is pledgeable to consumers.

The borrowing at period 1 warrants further discussion. Entrepreneurs
borrow from consumers to cover their liquidity needs at period 1. Throughout
this paper, the following parametric condition holds:

o, <p<og<R. (1)

This condition has two important implications. First, if the liquidity shock is
low, 0 = o, then the projects are self-financeable using the pledgeable part
of the return, known as inside liquidity. Entrepreneurs can write a (senior)
debt contract with consumers and promise to repay o, per unit of investment
at period 2 once the projects reach completion.

Second, if the liquidity shock is high, ¢ = oy, entrepreneurs can only raise
funds up to pxI using a senior debt contract. To raise the remaining (o —
p)xI, entrepreneurs need collateral, ¢, known as outside liquidity. Hence, the
collateral constraint is given by:

(om —p)xI <4, (2)

The higher the need for outside liquidity, oy — p, the more collateral
consumers require from entrepreneurs before lending to them at period 1.

As collateral, entrepreneurs use the returns from one-period public bonds
issued by the government at date 0. There are no other securities available
for entrepreneurs to use as collateral. This acts as a simplifying assumption
in the model. All the results still hold if entrepreneurs have access to other
assets, including foreign assets, as long as these do not completely fulfill



entrepreneurs’ liquidity needs. In other words, if there is room for public
provision of liquidity using public debt, there is room to study the optimal
structure of public debt.

The bond supply is fixed and normalized to one. The public debt market
is open to foreign investors, who buy bonds as a saving vehicle. Unlike
entrepreneurs, they do not have a liquidity motive to hold public debt.

The government issues the bond at period 0 and receives the bond price ¢,
which it transfers to domestic consumers. It commits to repay the debt, and
redeems the bond at period 1 by taxing consumers and repaying bondholders
the bond’s face value. The government’s taxation power or fiscal capacity
at period 1, denoted as 7, is uncertain, and can take two values: {n.,ng},
where n;, < ny?.

Furthermore, to ensure that both types of investors hold part of the public
debt, n;, satisfies the following parametric condition:

(0 — p)[A — (8" — VE [n(e)]
I—E[p— o) ®)

nr >

where w denotes each of the four states of the world in table 1 and the
expectations are with respect to period’s 1 uncertainty described next.

Uncertainty in the model only occurs at period 1, when the liquidity shock
and the fiscal capacity shocks are realized. There are four states of the world,
w, depending on whether o is equal to oy or o, and whether n is equal to
ng or ny. Table 1 summarizes the possibilities. The associated probabilities
for each state are {\1, Ao, A3, \4}. The model imposes no conditions on the
magnitudes of these probabilities.

2.2. Demand from Foreign and Domestic Investors

The demand for bonds from foreign investors, 2%, is perfectly elastic at

q = B*II, which is their valuation of the bond. Under parametric condi-
tion (3), foreign investors hold part of the bond issued and their valuation
determines the bond price.

2Equivalently the government can issue b bonds that pay @ in each state of the

world w. Nothing in the study changes in that case. However, because entrepreneurs
use the period 1 returns from the bonds as collateral the optimal amount of bonds b is

indeterminate. In other words, issuing one bond that repays n(w) in each state of the

world w is equivalent to issuing b bonds, where each repays @ in each state of the world

w.



NH L
oy | State 1 | State 2
or, | State 3 | State 4

Table 1: Uncertaninty in the Model There are four states of the world w =
{wpn,wyr,wra,wrr}. The first letter in the subindex refers to the liquidity shock,
the second letter refers to the fiscal capacity.

Entrepeneurs maximize their expected net return from the project, which
is the illiquid return R — p of the investment scale carried through. To
maximize the initial investment scale of the project, entrepreneurs assign
consumers all pledgeable returns p.

Their problem is given by:

maz(ryw),:y E{(R—p)x(w)l} (4)
st E{(p—ow))xw)}+Tz > I—A+gqz (5)
(ou—p)xal < nuz (6)

(ow —p)x2l < mpz (7)

where x(w) € [0, 1] is the state w continuation scale chosen at period one, x;
and ys are the continuation scales in states 1 and 2, II is the expected payoff
of the public bond, equal to II = En(w), ¢ is the bond price, and z is the
quantity of bonds demanded.

The first constraint is the consumers’ participation constraint at period 0.
Consumers lend entrepreneurs funds to start the project I — A and purchase
collateral, qz. For consumers to be willing to do so, they must expect to
at least break even. Consumers receive the net pledgeable return and the
return from the bond, given by the left-hand side of equation (5).

The next two constraints of the problem are the collateral constraints.
They state that the amount borrowed from consumers at period 1 must be
collateralized by the liquid returns of the public bond. Collateral constraints
are only relevant when the project is hit by the high liquidity shock, because
it is only then that pledgeable returns from the project are not sufficient to
raise fresh funds at period 1.

It is possible that constraint (6) is binding and (7) is slack. This happens
if entrepreneurs decide to downsize the project in state 2 and continue at full
scale only when the fiscal capacity is high in state 1. Appendix A studies
this case.



This section focuses on the case when entrepreneurs always continue at
full scale. Here, constraint (7), and not (6), is binding, and the domestic
demand for bonds is given by the following expression:

nL
Because the bond price ¢ = *II is positive, the consumers’ participation

constraint is also binding. Using the demand for bonds and the bond price
in (5) gives the initial level of the investment, as follows:

A
C1- (p—on) A3+ M) = (p— o)A+ daxa) + M(ﬁ* -1l

nL

I . (9)

This model features the scale-liquidity trade-off present in Holmstrom and
Tirole (1998). Indeed, I'(x2) < 0, which implies that entrepreneurs who, at
period 0, want to hold more liquidity in order to withstand future liquidity
shocks, must choose a lower initial investment scale.

Given the optimal continuation scale y2, equations (8) and (9) denote the
demand for bonds and the initial investment scale, respectively. To find y-,
we set up the entrepreneurs’ problem as a unit cost minimization problem,
as follows:

L+ 0L(As 4+ M) + o (M + Aaxa) + W(ﬁ* -l

)\1 -+ )\2)(2 + >\3 + )\4

min,, c(xz2; ®) =

(10)
where @ is a vector of parameters ® = (o, 0, N, ML, A1, A2, Az, Ay, 8*). This
is a linear problem. Hence, entrepreneurs choose to downsize or continue at
full scale, depending on the cost of liquidity hoarding. They continue at full
scale in states 1 and 2 (y; = x2 = 1) if 8* < 3*, and prefer to downsize in
state 2 (Y2 = 0) otherwise. The threshold 3* is equal to:

B=1+ NLNHA2 1+ (op —om)(As+ A1)
(o — ) { (e — 1) (M + A + M) — s

(11)

The next subsection characterizes investment when the above threshold
is satisfied. Appendix A characterizes the equilibrium in the opposite case.



2.3. Equilibrium Investment and Wasted Liquidity

Using the fact that the project is always continued in (9), we have the
following closed-form solution for investment:

I= A . (12)

L= Blp— o) + (o1 — (B — 1) [(ha+ M) + (h + o) 2]

Investment is proportional to entrepreneurs’ initial wealth A, and is multi-

li h i ltipli = 1
plied by the equity multiplier k& PR Ve [(A2+/\4)+(A1+/\3)%]

1, which defines the maximum amount by which entrepreneurs can leverage
their initial capital.

The maximum leverage per unit of own capital is increasing in the pledge-
able return p, decreasing in the total expected cost of the project 1+ Eo(w),
and decreasing in the need for outside liquidity oy — p. Most importantly, for
the purposes of this study, it is decreasing in the cost of liquidity hoarding
for the private sector: the last term in the denominator of equation (12).

Two points are worth highlighting with regard to this last term. First, for
liquidity hoarding to have an effect on the equity multiplier and to decrease
investment, it is key that public debt is sold at a premium. If * = 1,
investment equals m and it is independent from the cost of liquidity
hoarding, since liquidity is sold at par. However, in reality, rarely is liquidity
sold at par, especially in economies where bond prices are high.

Second, the cost of liquidity hoarding is increasing in the ratio of fiscal
capacities Z—fL’ The latter is a novel relationship provided by the proposed
model. This ratio parameterizes the amount of wasted liquidity, in other
words, the magnitude of unused liquidity entrepreneurs are forced to purchase
for states in which they do not need it. Entrepreneurs’ private investment is
decreasing in wasted liquidity: the more expensive liquidity hoarding is for
entrepreneurs, the lower is the investment scale they must choose.

The following subsection explores the comparative statics of the most
relevant parameters of the model on investment and on domestic and foreign
demand for public debt. Investment is given in equation (12), while the
following expressions describe domestic and foreign demand for bonds:

Alon —p)
[l =Elp—oW)]l+ (on —p)(f* = DI
z5 = 1—-z.




2.4. Comparative Statics

An increase in oy and a simultaneous decrease in oy, such that the total
expected cost of the project 1+ Eco(w) remains unchanged, decreases invest-
ment, increases domestic demand for public debt, and decreases foreign de-
mand for public debt. This scenario captures an increase in domestic needs
for outside liquidity, keeping the expected cost of productive investments
constant. The higher the need for outside liquidity, the more collateral en-
trepreneurs need to hoard and, thus, the lower is the initial investment scale
they choose. An increase in the need for outside liquidity increases the need
for public liquidity, increasing the demand for bonds at home. By market
clearing, an increase in domestic demand for public debt implies a decrease
in foreign demand for public debt.

An increase in foreign investors’ patience (5* decreases investment, de-
creases domestic demand for public debt, and increases foreign demand. This
scenario captures an increase in foreign willingness to pay for public debt.
An increase in foreign willingness to pay increases the cost of liquidity hoard-
ing, forcing entrepreneurs to choose a smaller initial investment scale. The
integrated public debt market assumption implies that a higher 5* increases
the price of public bonds for domestic entrepreneurs, crowding out domes-
tic demand for public debt. By market clearing, less demand by domestic
investors implies greater demand by foreigners.

Finally, an increase in the low fiscal capacity, n., increases investment,
decreases the public debt held by domestic investors, and increases that held
by foreigners. This scenario captures a decrease in the variability of fiscal
capacity. Investment increases because a higher 1 decreases wasted liquidity.
As described in the previous section, lower wasted liquidity decreases the cost
of liquidity hoarding for entrepreneurs, which allows them to increase their
initial investment scale. Intuitively, if public debt now gives a higher return,
entrepreneurs need less of it to save for the liquidity shock. By market
clearing, the remainder is held by foreign investors.

The following derivatives summarize the comparative statics in this sec-
tion: (i) 52— > 0, 9z 0, and -—2L— < 0 for a given total expected

(ou—p) O(ou—p) O(on—p) -
cost of the project 1 + Eo(w); (ii) 865* <0, % > 0, and 8‘5\51* < 0; and (iii)
9z 92

<0, 5 >O,and§TfL>O.

Because investment decreases with wasted liquidity, there is room for the
government to improve the provision of liquidity in the economy. If the gov-
ernment issues one or more assets that lower wasted liquidity, private invest-

onr
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ment in the economy will increase. The next section studies this possibility,
and solves for the optimal structure of public debt in this environment.

3. Optimal Structure of Public Debt

In this section, the government can issue more than one asset as part
of its public debt issuance. Because there are four states of the world, the
government issues four assets, denoted by j = {1,2,3,4}. The return of asset
J in state of the world i is denoted by ;.

3.1. Entrepreneur’s Problem with More than One Asset

The entrepreneurs’ problem with more than one asset is similar to the
one in the previous section:

Mmaz(ryw.zvy  E{(R—p)x(w)l} (13)
st E{(P—U(w))X(w)f}+ZHij 2 I—A+quzj (14)
(o —p)x1l < chjl(w)zj (15)

(o —p)xol < Zfﬂ(w)zj (16)

where ¢; denotes the price of asset j, z; the quantity of asset j demanded by
the entrepreneurs, and II; = E [z;(w)] is the expected payoff of asset j.

There are two key differences between this problem and that described
in equations (4) to (7). First, entrepreneurs now have four assets instead of
only one. This appears in the participation constraint and in the collateral
constraints above. Second, and most importantly, asset j’s expected payoff
I1; depends on payoffs x;;, and these can be smaller than the fiscal capacities
in the various states of the world.

The model’s solution proceeds as follows. The next three subsections an-
alyze the case in which entrepreneurs continue the project fully in all states
and foreign investors hold a part of all assets. Appendix C shows the para-
metric conditions under which these two conditions are met, and solves for
the optimal public debt structure when they are violated. Subsection 3.4
below discusses the results in Appendix C.

11



If the project is continued fully in all states, entrepreneurs need to hoard
their purchases of collateral for states 1 and 2. Denote by c¢f; the unit cost
of liquidity in state <. Then, entrepreneurs choose assets j that minimize c/;;
that is, cf; = min{qjx_—f[j}‘v’j. Suppose that assets j and j" minimize cf; and
provide enough liquidity for these states. In this case, because entrepreneurs
do not wish to purchase more collateral than necessary, the demand for the
other assets is zero.

The collateral constraint, with equality, gives the local demand for the

relatively cheap assets:

zj = [(UH - p) (17>
2y = M, (18)

Substituting these equations into the budget constraint gives a closed-form
solution for investment:

A

PTG 0@ + (W + B)on — o)

(19)

which depends only on the cost of liquidity, ¢/ and cfs, and on the param-
eters. As in the previous section, investment is decreasing in the cost of
liquidity hoarding.

Finally, the last piece of the model is the foreign valuation of assets. The
price of each asset j must satisfy ¢; > B*II;, with strict equality, if foreign
investors hold part of asset j.

Next, we incorporate the economy’s behavior described in this subsection
in a planner’s problem. The planner chooses the payoffs of each asset in each
state of the world in order to maximize total welfare in the economy.

3.2. Government’s Problem

The government’s objective is to maximize domestic welfare, which is
equal to the sum of entrepreneurs’ and consumers’ utility of consumption in
the three periods. Both have linear utility of consumption, and neither of
them discount future payoffs.

Entrepreneurs consume the expected rent from their investment at period
2, (R—p)I. At period 0, consumers lend A—/ —I—z:j:1 q;z; of their endowment
E to entrepreneurs. Consumers also lend to entrepreneurs at period 1. Then,

12



consumers’ expected return is equal to E [(p — o(w)I]+>_; II;z;. In addition,
at period 0, they obtain the proceeds from the total asset issuance ) | ; 5, and
are taxed the face value of each asset j in order to repay asset holders.

Thus, the utility of entrepreneurs, consumers, and total welfare are given
by:

Ut = (R-p)l
U = E—I+A=)Y g2+ Wz +E[(p—owl]+> (¢ —11)

J J

W = E+A+[R-Eow) - 11+ (¢ —T,)(1 - z),

respectively.
The following expression for welfare is identical to that above:

W=E+A+[R-Eo(w)— 11+ (q;—11;)zF, (20)

where 1—z; becomes zJF . This expression is intuitive. The government wants
to maximize the total net surplus from the investment and the premiums
> ; ¢; — 11; obtained from foreign investors. The liquidity premium paid by
entrepreneurs to consumers is a transfer across agents, which cancels out in
the welfare calculation, and only the premiums coming from abroad matter
to the welfare in the economy.

The government’s issuance of each asset is fixed and normalized to one.
The government is constrained by its fiscal capacity. The sum of the payoffs
of all assets in each of the states cannot be larger than the government’s

fiscal capacity in that state:
J
D w <y if i=24
J

The government solves the following problem:

MAT et by 05, v1,5 12— Bo(w) — 1] 1(cly, cly) + Zj(qj - Hj)zf(cél, clh21)
s.t > <nm if i=1,3 (22)
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ijji <npif i=2,4
](cﬁl,cég): A

T E(r—o(@) Fon ) (chieh)
cly = mm{qJ J} \Z]

(23)
(24)
(25)
cly = mm{q” ”} Vg (26)
(27)
(28)

0 <z (cﬁl,c@) <1
;> Bl with inequality only if z; Elely, cly) = 0,

where endowment E + A drops from the objective function because it
cannot be changed by the government. The first and second constraints
are the fiscal capacity constraints. The third constraint internalizes the en-
trepreneurs’ investment decision, which is decreasing in the unit of liquidity
cl1 and cf5. The fourth and fifth constraints define the unit cost of liquid-
ity in states 1 and 2. The sixth constraint imposes the market-clearing and
short-selling constraints: the foreign demand for asset j cannot be larger than
the supply of asset j, and demand cannot be negative. The last constraint
prices the assets. The foreign investors’ valuation determines the asset prices
if they hold the asset, or is strictly above if they do not.

The approach I take to solving this problem is to solve a slightly modified
version of it, first, with a modified objective and, second, expressed in terms
of fiscal capacity allocations at home and abroad in each state of the world.
This greatly simplifies the analysis. Then, I present a combination of assets
that implements the optimal fiscal capacity allocation found in the modified
problem. Finally, I verify that the proposed combination of assets satisfies
constraints (22) to (28), and that the objectives in both problems take the
same value.

The modified objective in terms of fiscal capacity allocations is an upper
bound on welfare. The government, when choosing the liquidity premiums
received from abroad, is constrained by (28). The maximum the government
can obtain from foreigners for each asset j is (5*—1)I1;, which happens when
all assets are held exclusively by foreign investors.

The government’s modified problem is given as follows:

MmaXee, cty, FCr; , FCpiVi [R - EO’(M) - 1] I(C[l, Cfg) ( - 1) Z Ai FC@9)
s.t FCL+FCL <ng if i=1,3 (30)
FCiL+FChL <np if i=2,4 (31)
_ A
I(cty, cby) = 1—E(p—0 (@) +(om—p)(clitclz) (32)
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Ilog —p) < Fgi if i=1,2 (33)
Cfl Z )\1(6* - ].) (34)
ng 2 )\2(6* — 1), (35)

where F'Cg; and F'Cr; denote the fiscal capacities allocated to entrepreneurs
and foreigners, respectively, in each state of the world i. The first two con-
straints state that the sum of the two fiscal capacities cannot be larger than
the fiscal capacity available in each state of the world. The next constraint
gives the expression for investment. The fourth constraint rewrites the col-
lateral constraint in terms of the new variables, and is isomorphic to equation
(2). The last two constraints give the lower bound for the liquidity premium
in both states of the world. They require further discussion.

Constraint (28) imposes a lower bound on the unit cost of liquidity in

(B

state 1 ¢fy, namely cf; > % for all assets j. If foreigners hold part

J
of asset j, this expression holds with equality. Using the expression for II;,
we have cl; = (* — 1) (M + X034 )‘xmj) This expression has a minimum
"y Jt

value when zj; = 0, for states ¢ = 2,3,4. This is the same as constraint (34).
Similar reasoning applies to (35).

Written in this way, the solution to the problem is simple. It proceeds
in four steps. First, because investment is decreasing in the unit cost of
liquidity, the government chooses the minimum c¢f; and c¢f5, and constraints
(34) and (35) hold with equality. This determines the optimal investment,
as follows:

A

1=E(p—ow))+ (on — p)(B* = 1)(A1 + A2

Second, the government’s objective is to provide a necessary level of lig-
uidity only to entrepreneurs and to maximize the financial flows coming from
abroad. Therefore, constraint (33) holds with equality in both states of the
world, and FCg; = FCgy = I*(og — p). Third, the fiscal capacity con-
straints hold with equality, or else fiscal capacity would be wasted. Hence,
FCpy=ny — I"(og — p) and FCry =n, — I*(og — p).

Finally, for states ¢ = 3,4, the government allocates all fiscal capacity
abroad in order to maximize foreign financial flows. Thus, FCg3 = FCgy =
0, FCF3 =N, and FCF4 =T1L-

To summarize, the optimal fiscal capacity allocation is given by:

(i) In state 1, FCgy = I*(og — p) and FCry =nyg — I*(og — p)

I =1 (36)
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(ii) In state 2, FCgo = I*(og — p) and FCpo =np — I*(0g — p)
(iii) In state 3, FCgr3 =0 and FCr3 = ngy
(iv) In state 4, FCpy = 0 and FCpryq = 1.

Arrow—Debreu (AD) securities for states 1 and 2 implement the optimal
fiscal capacity allocation for the states when entrepreneurs need liquidity.
Then, assets that pay only when liquidity needs are low implement the above
optimal fiscal capacity allocation:

(211, 712, 713, 214) = (0m,0,0,0) (37)
($21, T22, T23, 11324) = (07 ne, 0, 0) (38)
($317 T32, X33, 96‘34) (0, 0, 33, I34) (39>
(241, Ta2, 43, 744) = (0,0, 243, 244), (40)

where it must be the case that x33+ 243 = 7y and x34+x44 = 1. Indeed, the
returns in states 3 and 4 of the assets held abroad only are not determined.
Because foreign investors are risk-neutral and do not have a liquidity motive
to hold foreign public debt, they will hold these assets regardless of their
payoffs in the two states.

The demands for assets 1 and 2 that pay in the states of the world when
entrepreneurs need collateral are:

I* . T* .
2 = I*(on = p) 2y = I*(on = p) (41)
N nL
I — I* —
A4 =1 (U;I P) A =1- —(U;I p)7 (42)
H L

respectively.

Multiplying these by the assets’ returns yields the fiscal capacity alloca-
tions in (i) and (ii) above. The domestic and foreign demands for assets 3
and 4 are z; = 23 = 0 and 2" = 2I" = 1, respectively, because they pay only
in those states in which entrepreneurs do not need collateral. Multiplying
these by the asset returns yields (iii). Furthermore, the unit cost of liquidity
for assets 1 and 2 are ¢f; = (f* — 1)A\; and c¢ly = (B* — 1)Ay, respectively,
because they are AD securities.

This is the solution to the initial problem in equations (21) to (27). In-
deed, AD securities satisfy constraints (22) to (28). Moreover, because all
assets are held, at least partly, abroad, ¢; —II; = (5* — 1)I1;, for all assets j.
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In addition, the original objective (21) takes the same value as the modified
objective (29) under AD securities.

The next subsection explores comparative statics of the most relevant
parameters of the model on the domestic and and foreign holdings of assets
1 and 2, given in equations (41) and (42), respectively.

3.8. Comparative Statics of the Model with More than one Asset

An increase in oy and a simultaneous decrease in o;, such that the to-
tal expected cost of the project 1+ Eo(w) remains unchanged, increases the
domestic holdings of assets 1 and 2 and decreases the foreign holdings of
these assets. This scenario captures an increase in domestic needs for out-
side liquidity, keeping the expected cost of productive investments constant.
Intuitively, an increase in domestic needs for outside liquidity increases the
domestic demand for the assets that provide this outside liquidity. By market
clearing, the share of these assets held by foreign investors decreases.

An increase in fiscal capacity n; decreases the domestic holdings of asset
2, because zo is decreasing in 7. By market clearing, an increase in 7
increases the foreign holdings of those assets. The reason why domestic
holdings decrease is that each asset now pays more and, thus, a lower share
of asset is needed at home. The same reasoning applies to an increase in
fiscal capacity ny for the domestic and foreign holdings of asset 1. These
scenarios capture improvements in the state’s fiscal capacity.

Finally, an increase in international patience §* decreases the domestic
demand for assets 1 and 2 and increases the share of these assets held abroad.
This scenario captures an increase in foreign willingness to pay for public
debt. Crowding-out is still present, even if the government issues more than
one asset. A higher $* increases the cost of liquidity hoarding, which forces
entrepreneurs to choose a lower initial investment scale, which, in turn, means
they need a lower amount of liquidity.

Despite the crowding-out effect, capital controls that ban financial flows
from foreigners are welfare-reducing. As Appendix D shows, under capital
controls, entrepreneurs are better off and consumers are worse off. Overall,
welfare decreases under capital controls. Intuitively, although investment
increases, the economy gives up the premiums it receives from selling public
assets abroad. This is similar to the findings in Bolton and Jeanne (2011),
regarding the gains from financial integration.
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3.4. Discussion of Assumptions

To conclude the optimal structure of public debt, this subsection discusses
the two key assumptions made so far in this section.

The first assumption, that entrepreneurs continue the projects in all
states, ensures that they require public assets to hoard liquidity. Appendix
C shows that if condition (C.1) is violated, liquidity is too expensive and
entrepreneurs downsize whenever the projects are hit by the high liquidity
shock, 0 = oy. Evidently, if entrepreneurs do not use public assets to hoard
liquidity, then there is no role for optimal liquidity provision. However, in
reality, investors value public debt for its liquidity, which makes studying the
optimal structure of public debt for liquidity purposes relevant.

The second assumption, that foreign investors hold a part of all assets,
ensures that wasted liquidity is priced in public assets’ prices. Appendix
C shows that if conditions (C.2) or (C.3) are violated, only entrepreneurs
hold public assets and the cost of liquidity, ¢/, only depends on valuable
returns for entrepreneurs, rendering wasted liquidity unpriced. However, in
reality, public debt is held by a large variety of investors, particularly foreign
investors (Arslanalp and Tsuda (2014)), whose valuation of assets’ returns
impact asset prices. Thus, studying the optimal structure of public debt in
open debt markets is of practical relevance.

4. Conclusion

This study examines the optimal public debt structure when governments
can issue multiple assets, the state’s fiscal capacity is uncertain, public debt
has a liquidity purpose for domestic agents, and public debt markets are
open to foreign investors. The optimal policy is to tranch governments’ risky
fiscal capacity, and then to issue state-contingent assets that pay only when
the aggregate liquidity needs in the economy are high.

By issuing state-contingent assets, governments bring wasted liquidity to
zero. Arrow—Debreu securities, which pay zero when the aggregate liquidity
needs in the economy are low, minimize the cost of liquidity hoarding for
the private sector. This allows the private sector to increase its investment,
which increases welfare in the economy.

The welfare gains from issuing state-contingent assets are larger the more
expensive liquidity is. Thus, the benefits from state-contingent assets are
highest, for example, in low-interest rate environments, in which debt prices

18



are high or in countries where foreign valuation of public debt drives its price
up.

The optimal structure of public debt exploits differences in the composi-
tion of the market’s investors by catering to the different motives for holding
public debt. The Arrow—Debreu securities satisfy the demand for cheap
liquidity at home. The remaining assets cater to foreigner investors’ risk-
neutrality and their saving motive for holding public debt.

Moreover, the study shows that in order to provide optimal liquidity at
home using public debt, the government does not need to segment markets or
tax foreigners. Instead, an appropriate asset design, which results in partial
market segmentation, maximizes domestic investment and welfare.

This study provides support for the introduction of state-contingent assets
in public debt and offers a framework to analyze relevant comparative statics
regarding ownership of these assets. In particular, the model assesses the
effects of changes in the domestic liquidity needs, the state’s fiscal capacity,
and the foreign willingness to pay for public debt on the ownership of public
state-contingent assets.

There are many examples of state-contingent assets in public debt. How-
ever, with the exception of inflation-linked bonds, their quantitative impor-
tance in public debt markets is minor. Furthermore, many of them, including
GDP-linked bonds and oil-linked bonds, are procyclical.

However, the optimal public debt structure in this study has counter-
cyclical features; assets pay only when domestic investors’ inside liquidity is
insufficient. The only two examples of countercyclical state-contingent as-
sets in public debt are Grenada’s hurricane clauses and the Agence Francaise
de Développement’s countercyclical loan portfolio (Ebrahim and Tavakoli
(2016)).

The results presented in this paper point to a number of promising av-
enues for future research. Understanding the reasons behind the relatively
few countercyclical state-contingent assets in public debt markets is of prac-
tical relevance to inform public debt management. Allowing for a lack of
commitment and for sovereign default will add relevant trade-offs to the op-
timal public debt structure problem. Finally, in this study, the amount of
public debt and the associated fiscal capacity are exogenous. Introducing a
variable quantity of debt and endogenizing fiscal capacity will certainly add
an important dimension to the optimal public debt structure.
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Appendix A. Full Characterization of the Benchmark Model with
One Asset

The main text of the paper focuses on the case when entrepreneurs’s
projects are always fully continued. This happens if:

NLNEA2 1+ (o —om)(As+ A1)
(og — p)IL [ (e —np)(A1 + Az + Ag) —nrhe

B <1+ (A1)

which ensures that ¢c(x1 = x2 = 1) < ¢(x1 = 1, x2 = 0), where c is unit cost
given in equation (10).

This condition is in the main body of the paper and is reproduced here for
convenience. If this condition does not hold, x; = x2 = 1 does not minimize
entrepreneurs’s unit cost of investment. Indeed the solution to the problem

in equation (10) is xy2 = 0 and entrepreneurs prefer to downsize in one state
of the world. The unit cost of liquidity then equals:

1+or(As+ \) +omhixa + %(ﬂ* N
>\1X1 + )\3 + )\4

Entrepreneurs choose x; to minimize this cost.
The following cutoff for the foreign discount factor g* determines the x;

decision:
)\1 77H 1

*§1_|_
5 (O'H—p)H /\3+)\4

— (o —oL)| = B (A.2)

For f3* lower than f*, entrepreneurs choose x; = 1 and y, = 0 instead
of x1 = x2 = 0 and for g* higher than this cutoff entrepreneurs choose
X1 = X2 = 0. Combining this with the condition for #* in the main body of
the paper gives the following continuation levels:

xi=x2=1 if pr<pr )
x1=Lx2=0 if pr<p<p
X1=xx2=0 if p*>p*

The main body of the paper concentrates on the first case. This Appendix
studies the other two cases. Let’s start considering when y; = 1 and 2 = 0.
If xo = 0 the liquidity needed in state + = 1 pins down the entrepreneurs’s
demand for public debt: z = I(og — p)/ny. Two cases arise: one if foreign
investors hold part of the public debt, the other one if only entrepreneurs

20



buy the public debt. The following cutoff on fiscal capacity ny distinguishes
both cases:

(on — p)(A— (5" — 1)
1—E(p - x(w)o(w))

When (A.3) holds entrepreneurs and foreign investors hold public debt.

The valuation of the latter pins down its price: ¢ = S*II. Investment equals:

A

1~ E(p— x(@)(w)) + (8" — Dom — ) M+ X+ 2200 + 1)
(A.4)

Investment depends on the ratio of fiscal capacities, so there is room for
the government to improve investment by changing the structure of public
debt.

Domestic demand for public debt equals z = (U’;—;p)l and zf'=1— 2.

If (A.3) does not hold all public debt is hold domestically, investment
equals [ = (UZ‘Z 5> and the premium ¢ — IT = A—1H [1_E(Up;f;w))‘(w))].

Finally, x1 = x2 = 0 happens when (A.2) is not satisfied. In that case,
2z = 0 and foreign investors hold all public debt z" = 1. The bond price
g = [*II but it does not affect investment which equals I = m.
Indeed, when hedging liquidity is expensive enough, entrepreneurs prefer to
downsize in the states of the world when the high liquidity shock hits. Hence,
they do not hedge liquidity and its cost does not affect them.

The main body of the paper also makes the following assumption on 7:

(0n —p) [A = (5" = DI
1-E[p—o(w)]

Nu

(A.3)

I —

nL > (A.5)

which ensures that public debt is held by domestic and foreign investors.
If this condition is not satisfied, then two cases arise. If the high liquidity
shock is low enough, that is:

A2
(A1 + A3+ M)

A _1
O'H§|:——(>\1+)\2>:| |:77£A—p+1+
L

- (A.6)

then entrepreneurs continue the project at full scale in all states of the
world x; = 1 for all i. Hence they need to purchase bonds to cover the
liquidity shock. Because fiscal capacity is small only domestic entrepreneurs
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hold public debt: z = 1, 2" = 0. They price the asset and the premium equals
g—I1=A-— W. Investment is given by: [ = 1t > The liquidity
premium and investment do not depend on wasted liquidity, they only depend
on 7, which is the assets’ return that entrepreneurs use. Because foreign
investors do not hold public debt the condition on S* becomes irrelevant.
The relevant condition is (A.6).

Finally, this section characterizes the equilibrium if this condition does
not hold. In that case, the liquidity shock is too high and entrepreneurs
prefer to not hedge. Hence they downsize in the states of the world when
o =opg: X1 = X2 = 0. Debt is held exclusively by foreign investors, z = 0
and z" = 1 and the foreign asset valuation prices public debt ¢ = A*II.

Investment equals I = m-
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Appendix B. Closed Economy Equilibria

The problem for entrepreneurs is identical to the one in Section 2. In the
closed-economy case, foreign investors cannot buy public debt but domestic
consumers can. Domestic consumers’ demand public debt is perfectly elastic
at ¢ = I1. This demand takes a similar form to the one from foreign investors.
The only difference is that now the domestic discount rate equals 1.

Market clearing imposes that z 4+ z¢ = 1, where 2¢ is the demand from
domestic consumers. Domestic consumers hold part of the public debt only
if 2 < 1, which happens when the return 7, is high enough:

(og —p)A
1-E(p—o(w))

When domestic consumers hold part of the public debt ¢ = II and liquid-
ity does not sell at a premium. This implies that, if domestic consumers hold
part of the public debt, entrepreneurs always fully continue their project: in
both states 1 and 2, so xy; = x2 = 1. In that case, the equilibrium investment
and demand for public debt equals:

nL > (B.1)

A
L e ) (B2)
(o —p)I
z = BT (B.3)
¢ = 1-2 (B.4)

In this model, when domestic consumers drive the liquidity premium to
zero there is no room for the government to lower the cost of public liquidity
provision further. If domestic consumers’ discount factor were above 1, then
it would be similar to the case considered in the main body of the paper with
foreign investors.

Next, the appendix studies the case when condition (B.1) does not hold.
In that case, only entrepreneurs hold public debt. Furthermore, entrepreneurs
continue the project at full scale in both states of the world when o realizes,
X1 = X2 = 1 if the following condition on oy holds:

L A2
<|l— |1+ ——(p— Az + A B.5
o [A— (A1+A2)] [ S W CRLIC R B
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In this case, entrepreneurs’ demand drive a premium on public debt and
g — II > 0. Equilibrium investment, demand for public debt, and the price
of debt are given by:

I = UH”L_p (B.6)
2 = (“HU;LW (B.7)

— LA e _f(p__p‘7<w))) (B.8)
24 =0 (B.9)

If condition (B.5) does not hold, then entrepreneurs downsize in state 2,
X2 = 0 and continue at full scale in state 1, y; = 1. The equilibrium is
characterized by the following expressions:

Ul:s

I = - (B.10)
I @];HW (B.11)

_ H+A_nH(l—(p—UL)((j;J:;zl)—(p—UH)M) (B.12)
¢ =0 (B.13)

In this model, when entrepreneurs are the only buyers of public debt there
is no room for lowering the cost of liquidity hoarding either. As equations
(B.8) and (B.12) show, to lower the cost of liquidity hoarding the government
should increase 7y, in equation (B.8) or ny in equation (B.12). However, this
is not an option for the government, which is constrained by the given fiscal
capacity.
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Appendix C. Full Characterization of Optimal Public Debt Struc-
ture

Section 3 considers the optimal public debt structure when the following
parametric conditions are met:

1 1
<1 — C.1
6 =~ +O_H_p (/\3+>\4)+<UL UH) ( )
ng > (og—p)I* (C.2)
ne > (omw—p)I*

A
1=E(p—o(w))+(om—p)(B*=1)(A1+A2)

where I* =

The upper bound on (* ensures that liquidity hoarding is not too ex-
pensive, making entrepreneurs willling to hoard liquidity for states 1 and 2
and continue at full scale in all states of the world. The lower bound on 7y
ensures that both entrepreneurs and foreign investors hold asset 1: the asset
that provides liquidity for state 1. The lower bound on 7;, ensures the same
for asset 2: the asset that provides liquidity for state 2.

If condition (C.1) is violated, liquidity hoarding is too expensive. In that
case, downsizing the project in states 1 and 2, y; = x2 = 0, minimizes the
unit cost:

L4+ or(As 4+ M) +or(Axa + daxe) + (om — p)(xacly + xacls)
A1X1 + Aexe + Az 4+ Mg

C(Xla X?) =

(CA4)
Indeed if (C.1) is violated, ¢(x1 = x2 = 0) < ¢(x1 = 1,x2 = 0) and
c(x1 = x2=0) < c(x1 = x2 = 1), and entrepreneurs do not hedge liquidity
for the states in which the liquidity shock is high, 0 = 0. Evidently, in this
case, there is no role for optimal provision of liquidity, since entrepreneurs
use their inside liquidity to continue the project only when o = o7y.
Next, if condition (C.2) is violated, the cost of liquidity hoarding for state
1 is pinned down by entrepreneurs’ demand, because foreign investors do not
hold that asset. The problem looks identical to the one in equations (21)-
(28), but where the last constraint holds with strict inequality for the asset
that provides liquidity in state 1 (asset j), as it is bought exclusively by
entrepreneurs. Condition (C.3) still holds, implying that ¢l = (8* — 1) As.
Because all of asset j is held by entrepreneurs, equating demand equation
(17) to 1 pins down the level of investment, which equals %. The gov-
ernment makes x;; as big as possible to maximize investment, subject to its
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fiscal capacity constraints. Thus, ;1 = ng. Next, equating the expression
for investment (19) to the expression for investment obtained before, szip,
makes evident that c¢f; only depends on asset j’s return in state 1, ng, and

on other non-fiscal capacity parameters:

g _ A 1-E(p—oWw)
! nu (om —p)

— (= 1)\ (C.5)

The cost of liquidity and the investment do not depend on wasted liquid-
ity, they only depend on 7y, which is the asset’s return that entrepreneurs
use. This implies that the government cannot improve the cost of liquidity
provision, investment nor welfare. The intuition for this conclusion is the
following. Because all of asset j is held by entrepreneurs, they do not value
returns in states different to state 1. Hence, their demand for asset j does
not price unused returns, x o, x;3 and 4.

The same conclusion arises if condition (C.3) is violated, ¢fy only depends
on 7. Investment equals I = 2—'_2 Like before, the government chooses
xjo = 1, and the cost of liquidity in state 2, c¢fs, is independent of asset j'’s
return in other states different to state 2:

A 1-E(p—ow))
CEQ = — —
Ui (o —p)

— (B =) (C.6)
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Appendix D. Capital Controls

This appendix studies whether capital controls would be welfare-improving.
Under the parametric conditions in section 2, capital controls imply that
q = II because domestic consumers are the marginal buyers of public debt.
Under open public debt markets, the bond price, ¢ = S*II and the economy
receives financial flows from abroad.

The welfare expressions for the economy with capital controls and open
public debt markets are:

W = [R— E(o(w)) —1]1°¢

WOPEN  _ R — E(o(w)) — 1]IOPEN (B -1 |1 OH — IOIOPEN
Ui
where investment levels are given by:
[CC — A
1—E{p—o(w)}
JOPEN _ A
1—E{p—o(w)}+ (B*=1)(ca—p)I

nL

respectively and satisfy 1¢¢ > JOPEN,

Welfare under open public debt markets is larger than under capital con-
trols, if the gain in investment from bringing the cost of liquidity to zero is
smaller than the forfeited financial flows from abroad. In other words, if the
following condition holds:

[R — E(o(w)) — 1](I6C — [OPENY < (5* — 1) {1 - "HH—L_’)IOPEN} (D.1)

[OPEN

Dividing this expression by gives:

e [ = Dien o
= Elolw) —1 [nLu—E{p—a(w)})] <
L= Blp—o@)} | (5"~ Diow o _ o —p}

(=1 A Ans n

Multiplying both sides by ;"_Ll and rearranging, gives the following in-
equality:
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(o —p)lI

m(1-E{p—0(w)}) > [R-Blo(w)-U—gr— s

+(ou—p)(A=(F"=DII)

(D.2)
According to equation (3):

e [ = E{p—o(w)}] > (on —p) [A = (5" = D] (D.3)

Because the lower bound for n,(1 — E{p — o(w)}) is larger in equation
(D.2) than in equation (D.3), welfare under capital controls is always smaller
than under open public debt markets.

Recall, equation (D.2) gives a lower bound on 7,(1 — E{p — o(w)}) for
which W < WOFPEN  Under the parametric assumption on 7, made in
the main body of the paper, which ensures foreign investors hold part of the
public debt, this condition is always satisfied. Therefore, if foreign investors
are to hold public debt, capital controls are welfare-reducing.
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