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Introduction

Conformal blocks have applications in string theory and mathematical
physics. A conformal block is determined by a Lie algebra, a level, and a
set of weights. We study conformal blocks for the Lie algebra sl,, which is
the set of all 2 x 2 matrices with trace zero. A weight for sl, iIs a nonneg-
ative integer. Conformal blocks for sl, with up to five weights have been
studied previously. We study two important properties called the rank and
first Chern class of sl, conformal blocks of arbitrarily high level with six equal
weights.

Rank formulas

The rank of a conformal block can be computed using recursive formulas.
The formulas for computing ranks when there are two or three weights are
shown below:

( lifa=25>
\ 0 otherwise.

1if a4+ b+ ciseven
a<b+c
b<a-+tc
c<a+b
a+b+c <2
0 otherwise

re(a,b,c) =

A recursive formula for the rank when there are n weights with n > 4 is

/
ro(A, ..., Ay) = Z ro(A1, oo An_2, D)Fe(Au_1, A, 0).

1=0
In principle, these formulas can be used to obtain the rank for any sl, con-
formal block, but in practice, this is slow if the level is very large. For this
reason, we want to find closed formulas for the ranks that will work even
when the level is large.

B. Alexeev found closed formulas for ranks when n = 4. We found closed
formulas for the rank when n = 6 and the weights are equal to each other.

There are eight expressions altogether. We divide into cases as follows: Let
the set of weights be (w, w, w, w, w, w).

Case A: 0 <w <2]—-3w <
CaseB: 0 <2 -3w<w<]
Case C: 0<w<I[<2]—3w
CaseD: 2] - 3w <0<w<]

The results also depend on whether the weight is even or odd.
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Theorem (Ahsan, 2013). The rank of a conformal block for sl, and six

equal weights A = --- = A¢ = w IS given by the following formulas.

When the weight is odd, w = 2k + 1:
Case A: ¢I° — 317k + 181k* — 32k> — 21> + 241k — 60k* + 2] — 34k — 5
Case B: 22I° +91°k — 301k* + 32k® 4 41 — 241k 4 36k* — 21 + 10k + 1
Case C: 4k> 4+ 12k* + 13k + 5

Case D: 1I° — 3%k + 61k* — 4k> + 31 — k

When the weight is even, w = 2k:
Case A: 13 — 3%k + 181k? — 32k> — L% + 61k — 12k* + 1 + 2k + 1
Case B: 21> + 917k — 301k + 32k> — 31> 4 61k — 12k* + 51 — 2k + 1
Case C: 4k’ + 6k* + 4k + 1
Case D: 3I° — 31°k + 61k* — 4k> + 51> — 61k + 6k* 4+ 21 — 4k + 1

The formulas above are piecewise polynomial (that is, in each case, the
expression is a polynomial). These formulas allow us to compute ranks of
conformal blocks even when the level 7 is large.

First Chern class formulas

In 2008, Fakhruddin described a method for computing the first Chern class
of a conformal block [1]. When there are six equal weights, the first Chern
class is a vector of two nonnegative integers. We wanted to know which
points in the first quadrant are first Chern classes of a conformal block for

5[2.
For this analysis, we assumed that the set of weights is of the form
=G l—jl—jl—jl—jLl—j).
Fakhruddin’s formulas for the first Chern class are recursive. The x coordi-
nate can be computed by the formula

(
Y deg(¢—j,¢—j,¢—ji)rank({ —j, £ —j, € —j,i)
1=0

and the y coordinate can be computed by the formula

0 ¢
Z Z deg(¢ —j, ¢ —j,i,k)rank({ —j, ¢ —j,i)rank({ —j, ¢ —j, k),

i=0 k=0
where

deg(a,b,c,d) = rank(a,b,c,d) max{O,a Fbtc- d—ZE}.

2

These formulas are programmed in Swinarski's ConformalBlocks package
for Macaulay?2 [2,3]. We used them to obtain first Chern classes for many sl
conformal blocks for small levels, but for large levels, these recursive formu-
las are too slow.

We predict that the x and y coordinates of the first Chern class are given by
piecewise polynomials of degree less than or equal to four in the variables /¢
and j. We interpolated the data produced by our program for small levels to
find these polynomials.
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As an example, here are some of the formulas for the x coordinates that we
obtained by interpolation.

Conjecture. If j is even, the x coordinate of the first Chern class of the sl
conformal block with weights (¢ —j, ¢ —j,¢ —j,¢—j,¢—j¢—]j) is given by
the formulas below.

Case x coordinate formula

Ifj < 3¢ —1gft + 2P = TP 5 = R+ 2 — g+ ]

If30 <j<zl 2 —YPI4 35217 — P+ S1F 4+ 25 — 2721 + 3j12
1P -3 L1+ 42 T+ 3

R R
+57= 3+ 3P+ 3 i+ WP+ 3= ¥

If2l < 0.

We obtain similar formulas if j is odd, and for the y coodinate of the first
Chern class. We have proven the first formula shown above, and believe
that our techniques will allow us to prove the others as well.

The distribution of first Chern classes

‘hese formulas allow us to compute first Chern classes for large levels for
the first time. We discovered that the first Chern classes are distributed
throughout the first quadrant in an interesting pattern. For each level, the
first Chern classes form a ’leaf’ with one corner at the origin:

First Chern classes for ¢/ = 69 (red), 70 (green), 71 (blue)
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If the formulas we obtained by interpolation are correct, this suggests that a
vector with nonnegative integer coordinates can only be a first Chern class
of a conformal block if it lies on one of these leaves.
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