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Introduction

Conformal blocks have many applications in mathematical physics, and
much research has been done on the conformal blocks of the Lie algebra
sl,, especially for sl, and sl; ([6, Ch. 3]). An important part of this research is
to describe fusion rules (defined below), which are used to compute a prop-
erty of a conformal block called its rank. For the Lie algebra g, no formula
for the fusion rules is known. One of the first steps toward finding such a
formula is to find out when the fusion rules for g, are nonzero.

Components of conformal blocks

The components of a conformal block are a Lie algebra, an integer called a
level, and a vector containing dominant integral weights.

Lie algebras are named after the Norwegian mathematician Sophus Lie (pro-
nounced “Lee”).

Definition. [5, Section 1.1] A vector space g over the field C with an opera-

tion g x g — g, denoted (x,v) — |x,y|, is called a Lie algebra if the following
axioms are satisfied:

1. The bracket operation is bilinear.
2. |x,x] =0forall xing.
3. [x, [y, z|] + |y, [z, x]] + |z, [x,y]] = 0for x,vy,z € g.

Mathematicians have classified all the simple Lie algebras by their type
A — G. There is only one simple Lie algebra of type G. We call it g»
because its root system is two-dimensional. For the general definition of
roots, weights, and the Weyl alcove, see [2, Section 5]. As an example, the
Weyl alcove of g, at level 3 is shown below. It contains six integral weights:
(0,0),(1,0),(2,0),(3,0),(0,1),(1,1). (Here (a,b) represents aw; + bw;.)

Weyl alcove of g, for level 3

’
,,,,,,,,,,,,,,,,,,,,,,,,
’

We use the notation V (g, 1, A) for the conformal block for the Lie algebra g,
level [, and weights A= (A1, ...A,) (Where each A; is in the Weyl alcove). The
fusion rules for the Lie algebra g at level | are the ranks when A has three
elements; that is, the set of numbers { (A, u,v,rank V(g,I, (A, 1, v))) }.

The Kac-Walton algorithm

Several technigues to compute ranks have already been discovered. For
any Lie algebra, any level, and A with four or more elements, two formulas
(factorization and propagation, see [6, Theorems 3.15 and 3.19]) can be
used to reduce the number of elements to three. Also, the fusion rules for
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any A with three elements containing any zero valued weights are known.
For A of three elements and with only nonzero weights, there is an algorithm,
but no general formula for g,. The Kac-Walton algorithm [1, Section 16.2.2]
can be used to compute rank V(g,/, (A, u,v)). The algorithm is as follows:

1. Generate the weight diagram of A using Freudenthal’s algorithm.
2. Translate the weight diagram by .

3. Reflect the points now outside the Weyl alcove back into the Weyl alcove.

The number in position v in the resulting diagram is rank V (g, [, (A, u,v)).
The algorithm can be used to compute any specific fusion rule; we would
like to find a closed formula for the fusion rules.

Example

The series of figures below illustrates the Kac-Walton algorithm for A = (1,1)
and u = (2,0) at level 3. First we generate the weight diagram for A = (1, 1),
and translate by the vector u = (2,0)(represented by a red arrow).

The next three pictures illustrate the reflections across all three sides of the
Weyl alcove. The ranks can be read from the final picture.

rank V(go,3, ((1,1), (2,0), (1,0)) = 1
rank V (g, 3, ((1,1),(2,0),(2,0)) =2
rank V (g, 3, ((1,1), (2,0),(3,0)) =1
rank V (g, 3, ((1,1),(2,0),(0,1)) =1
rank V(g,,3,((1,1),(2,0),(1,1)) =1

and rank V(g,,3,((1,1),(2,0),v)) =0
for any weight v ¢ {(1,0),(2,0),(3,0),(0,1),(1,1)}

Current work

In order to find a more general formula for the fusion rules, | used Macaulay2,
a computer algebra system, to compute for each 1 < [ < 13 which con-
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formal blocks V(g»,/, (A, u,v)) have nonzero ranks. | then used a sec-
ond software package, polymake, to compute linear inequalities that ensure
rank V (g, 1, (A, u,v,)) # 0 for each L.

Below is a table with the number of inequalities that are associated with
nonzero ranks at each level.

Level Inequalities Level Inequalities Level Inequalities Level Inequalities
1 6 4 58 / 69 10 70
2 25 5 63 8 57 11 69
3 36 6 61 9 60 12 48
13 69

Surprisingly, in contrast with the fusion rules for sl, and sl;, the number of
inequalities for g, is different for different levels. Furthermore, there seem
to be inequalties that are present at every level and inequalities that are
dependent on a level.

One of the inequalities that | found to be independent of the level was
0<a+2b+c+2d—e—2f. Here A = (a,b),u = (b,c),and v = (e, f).

Now let us look at the outline of the weight diagram of A.

The top boundary line connects the points (—a,a + b) and (a,b). When we
translate the weight diagram by u, these points become (—a+c,a+b+d)
and (a +c,b+d). The equation of the line through these points is x + 2y =
a + 2b 4 ¢ 4 2d, and the inequality x + 2y < a + 2b + ¢ + 2d describes the
region underneath this line. Therefore, v = (e, f) must satisfy e + 2f <
a + 2b + c + 2d in order to be In the translated weight diagram. By the Kac-
Walton algorithm, weights v outside the translated weight diagram always
give rank V (g, ¢, (A, u,v)) = 0. Similar calculations for the other sides of the
boundary of the translated weight diagram give all of the level-independent
inequalities.

In the future | hope to be able to explain the level-dependent inequalties and
eventually find a general formula that describes the fusion rules for g,.
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