This note was originally written in October 2025. At that time, the formula shown in Conjecture 1.1
below was only a conjecture. In April 2026, we proved it. See
https://faculty.fordham.edu/dswinarski/InvariantPolynomialsAndMukaiModels/InvariantPolynomialFormula.pdf
for a proof.

A CONJECTURAL COMBINATORIAL FORMULA FOR SOME SL,-INVARIANT
POLYNOMIALS

DAVID SWINARSKI

ABSTRACT. Let V(X) be an irreducible representation of SL,, with highest weight A. We give a conjectural
combinatorial formula for the SLp-invariant polynomial in V(A) ® V/(A*), in terms of the Gelfand-Tsetlin
bases of V(\) and V(\*).

1. INTRODUCTION

Let G be a simple algebraic group over C. Let V' (\) be an irreducible representation with highest weight
A. Then the space of invariants of the following form is one-dimensional.

dim(V(\) @ V(A))E =1
Many bases of the irreducible representations V(A) have been introduced in the literature, particularly
when G = SL,. In this note we work with the Gelfand-Tsetlin basis of SL,. See [2, Section 2] for an

introduction.
Here is the main conjecture. The notation will be explained below in Section 2.

Conjecture 1.1. Let
(-1"®)
F= ———— BpBp-.
Pe%;w B

Then F is an SL,-invariant polynomial in V(A) @ V(A*).

Algebraic combinatorics and invariant theory are research fields with a long history and a large literature;
it would not surprise the author if this conjecture is already known. Please contact the author with relevant
references.

2. NOTATION

2.1. The pattern P. We follow the definitions of [2, Section 2].
Let A be a partition with n parts, written in nonincreasing order. A Gelfand-Tsetlin pattern of shape A is
a triangular array of the following form.

Tn,1 Tn,2 Tn,3 e Tn,n
Tn—1,1 Tn—1,2 e Tpn—1,n—1

T2,1 €22
T1,1

Each entry z;; is a nonnegative integer, the top row x, ; corresponds to A, and the entries satisfy the
inequalities xy ; > Tr—1,i = Th,it1-

We write GT()) for the set of all Gelfand-Tsetlin patterns of shape A. This set indexes a basis of V().
We write Bp for the basis element corresponding to the pattern P € GT()).

2.2. The pattern P*. Let P € GT(\). We define the dual pattern P* by the formula

Yij =N = Tn—ij
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2.3. The numerator (—1)“"). The level £(P) is defined as the level of the weight wt(P). We briefly recall

these definitions.
Let P € GT(A). Then we define the content of P as (c1,...,¢,), where

1+1

§ Ti41,5 — E Li,j-

The weight of P (written in the basis of fundamental domlnant weights w; for sl,) is
n—1
wt(P) = Z(Cl — Cit1)w;
i=1
i+1

Z § ::cl, 1,j +2Z$m inﬂ,j Wi.
i=1

Let p be a weight occuring in the representation V' (A). Then we may write p = X — 2?2—11 k;c;, where the
«a; are the simple roots for sl,,. Then we define the level of p as £(u) = Z?;ll k;. See for instance [1, Section
4].

2.4. The norm ||P|. Write &; j = x;; —j + 1.

We define ||P|| by

| P|? = H H Ei‘k,i - 55;3_1,]')! H Ej;“ — j]f’j —1)!

T Y] i 1N
i 1<idier @h-ti = Thoig)t | s (Fr-1i = Ty — 1)!
See [2, Section 2.
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